Let ∆ φ = ∆ − ∇φ∇ be a symmetric diffusion operator with an invariant weighted volume measure dμ = e −φ dν on an n-dimensional compact Riemannian manifold (M, g), where g = g(t) solves the extended Ricci flow. We study the evolution and monotonicity of the first nonzero eigenvalue of ∆ φ and we obtain several monotone quantities along the extended Ricci flow and its volume preserving version under some technical assumption. We also show that the eigenvalues diverge in a finite time for n ≥ 3. Our results are natural extensions of some known results for Laplace-Beltrami operators under various geometric flows.
Introduction
We discuss the behaviour of the first nonzero eigenvalue Λ = Λ(t) of the Witten-Laplacian on a compact Riemannian manifold (M, g, dμ), whose one-parameter family of metrics g = g(t) solves the extended Ricci flow. We establish the evolution, monotonicity and finitely large-time behaviour of Λ under the flow. We also find several monotone quantities under some technical assumption. In fact, we suppose that the curvature of M remains bounded throughout the flow existence time t ∈ [0, T]. Let M be a connected, smooth, oriented, closed (compact without boundary) manifold and let φ : M → ℝ be a family of smooth functions. Definition 1.1 (Extended Ricci flow). The pair (g(t), φ(t)), t ∈ [0, T], T < ∞ is called the extended Ricci flow if it satisfies the following system of quasi-linear parabolic partial differential equations ∂ ∂t g(x, t) = −2Rc(x, t) + 2α(t)∇φ(x, t) ⊗ ∇φ(x, t)
such that (g(0), φ(0)) = (g 0 , φ 0 ). Here Rc is the Ricci curvature of M, ∆ is the Laplace-Beltrami operator, ∇ is the gradient and α(t) is a nonincreasing constant function of time, bounded below by α > 0 at all times.
The coupled flow (1) was first introduced by List in [22] , where he studied the cases α = 2 and α = n−1 n−2 . He also proved its short-time existence on any compact Riemannian manifold. The motivation for this flow comes from General Relativity theory where the stationary solution of the flow corresponds to the solution of the static Einstein vacuum equation. Extended Ricci flow arises in a number of situations, e.g. when one studies Ricci flows on warped product spaces [29; 30] , when one couples Ricci flow with heat flow for harmonic maps [4; 25] and in quantum field theory when one considers the so called renormalisation group flow [26] . In general, (1) behaves in a manner similar to Hamilton's Ricci flow [15] . Indeed, if φ is a constant then the flow (1) degenerates to Hamilton's Ricci flow. Many researchers have extended the results on Ricci flow to the extended Ricci flow. Owing to the enormous role of eigenvalues in understanding the geometry and topology of manifolds, the study of their behaviour on time dependent metrics is a topic of current research, for examples see [1; 2; 5; 6; 10; 13; 17; 18; 19; 21; 23; 31; 32] . An important application of eigenvalues occurs in the monotonicity of Perelman's F-energy [27] in determining nonexistence of nontrivial steady or expanding breathers on compact manifolds, which consequently led to the celebrated noncollapsing theorem and final resolution of the longstanding Poincaré conjecture.
Following the standard notation in the study of the extended Ricci flow we denote S := Rc − α∇φ ⊗ ∇φ,
where R g is the scalar curvature of (M, g). Let M and g(t) be as defined above. We consider the first nonzero eigenvalue Λ(t) of the Witten-Laplacian satisfying the eigenvalue problem
Here ∆ φ = ∆ g −∇φ⋅∇ is the so called Witten-Laplacian, which is a symmetric diffusion operator on L 2 (M, dμ),
is the Laplace-Beltrami operator and ∇ is the Levi-Civita connection on (M, g) with respect to the Christoffel symbols Γ k ij . Let dν be the Riemannian volume measure; the weighted volume measure dμ is given by
In fact, the associated weighted measure dμ makes the Witten-Laplacian a self-adjoint operator. The following integration by parts formula
holds for any u, ∈ C ∞ (M) with M compact. When φ is a constant function, the Witten-Laplacian is just the Laplace-Beltrami operator. Definition 1.2 (Mini-Max principle). The first non-zero eigenvalue Λ 1 (M, g, dμ) is characterised as follows
where E(f, u) = ∫⟨∇f, ∇u⟩dμ and W 1,2 0 (M, g, dμ) is the completion of C ∞ 0 (M, g, dμ) with respect to the norm
Throughout we assume that Λ(t) exists and is C 1 -differentiable under the extended Ricci flow deformation (g(t), φ(t)) in the given interval 0 ≤ t ≤ T.
The outline of the paper is as follows. Section 2 contains statements of results and some relevant comments. In Section 3 we highlight important facts and some background results on the first eigenvalue of the Witten-Laplacian. Section 4 discusses the proofs of Theorems 2.1, 2.2 and 2.4, Corollary 2.3 and Proposition 2.5. These results are extended to normalised flows in Section 5. The last section discusses the behaviour of the spectrum as time grows along a self-similar solution to the extended Ricci flow. Here we found out that the spectrum diverges at a finite time under gradient shrinking solitons.
Statements of results
We study the evolution of the first nonzero eigenvalue Λ(t) of the Witten-Laplacian ∆ φ and monotonicity of some quantities involving Λ(t) under the extended Ricci flow. Let f be the corresponding normalised eigenfunction. Our main results are the following.
T] be a solution to the extended flow (1) on a closed manifold and let Λ(t) be the first nonzero eigenvalue of the Witten-Laplacian ∆ φ corresponding to the eigenfunction f(t, x). Then Λ(t) evolves by d dt
The monotonicity of Λ(t) here depends on the sign of S. Note that just as the nonnegativity of the scalar curvature is preserved along the Ricci flow [15] , so also the nonnegativity of S is preserved as long as the extended flow exists.
where
In some applications S may be required to be a constant or bounded by a constant. In such situations we have the following corollary. 
Next we obtain a monotone quantity along the flow (1). 
where W(t) is the Weyl part of the Riemannian tensor, under the extended Ricci flow for the case n ≥ 3 and T < ∞. Also in that case |∇φ| 2 is uniformly bounded. Similarly, Müller [25] has shown that if N has nonpositive sectional curvature, the energy density of φ is bounded by the initial data, for the case where φ : M → N is a harmonic map between manifolds. Observe that from (8) one can easily deduce, without additional assumptions, that
Finally, we use the estimate (10) together with the extension of the Reilly formula on compact manifolds to prove that the eigenvalues of ∆ φ diverge as time t increases.
where S ij − βSg ij ≥ 0, β ∈ (0, 1 n ] and n ≥ 3.
We also demonstrate that lim t→T Λ(t) = ∞ holds on gradient shrinking extended Ricci flows. See Proposition 6.6 for details.
The first eigenvalue of Witten-Laplacian
Let ∆ φ = ∆ g − ∇φ ⋅ ∇ be the Witten-Laplacian, which is a symmetric diffusion operator on L 2 (M, g, dμ), with weighted volume measure dμ = e φ(x) dν. A classical result tells us that (M, g, dμ) is a smooth metric measure space and that ∆ φ is self-adjoint and nonnegative definite with respect to the measure dμ. Hence, the spectrum of the Witten-Laplacian consists of an infinite sequence of points
Thus the set of all eigenvalues of ∆ φ , counted with multiplicity, is an increasing sequence, as in (12) . The eigenvalue problem involving the Witten-Laplacian on a closed manifold consists in finding all possible real Λ (eigenvalues) such that there exist non-trivial functions f (eigenfunctions) satisfying
One can show that only constant functions correspond to Λ 0 = 0. The eigenfunctions are
. . . while the eigenvalues are L 2 (M, g, dμ) orthogonal. By the mini-max principle, the first non-zero eigenvalue Λ 1 (M, g, dμ) can be characterised as follows
where E(f, u) = ∫⟨∇f, ∇u⟩dμ and W 1,2
The first nonzero eigenvalue of ∆ φ is usually called the spectral gap in the literature and has been widely studied; see [3; 8; 24] . It satisfies Λ 1 (∆ φ ) ≥ C 0 for some positive constant C 0 under a lower bound for the Bakry-Emery Ricci tensor Rc φ , namely
A key observation by Bakry and Emery in [3] is the following weighted Bochner-Weitzenböck formula
An immediate consequence of Formula (15) is the lower bound estimate Λ ≥ n(s + 1)A (n(s + 1) − 1) obtained by Ma [24] under an assumption on the Bakry-Emery Ricci tensor, namely
for some A > 0 and s > 0 (see [11] for related result). We remark that Rc φ is a natural extension of the Ricci tensor as derived in [3] . It arises naturally in the study of Ricci solitons, see [27] . We also remark that the discreteness of the spectrum of ∆ φ ensures the existence of solutions of the eigenvalue problem (13) . The embedding of weighted Sobolev space W 1,2 0 → L 2 is compact, which is also equivalent to the discreteness of the spectrum of (M, g, dμ); see [8] and [12, Theorem 10.11].
The proofs of the results
In this section, we consider the eigenvalues of the Witten-Laplacian under the extended Ricci flow (1), assuming that the least eigenvalue Λ = Λ(t) is a function of time only. 
Proof. The proofs follow by standard calculations, see for instance [22; 25] for the proof of (16) . Recall also from these references that
, and the result follows at once. 
Taking the derivative with respect to time, we obtain
multiplying the above by f(t, x) and integrating with respect to the weighted volume measure on M, we have
Note that by integration by parts and (18)
Then using the normalisation condition ∫ M f 2 dμ = 1 we arrive at
Using the evolution of the Witten-Laplacian under the flow (1) in Lemma 4.1 we have
here the last inequality follows from the gradient estimate |∇f| 2 ≤ Λ(t)(f 2 − 1) for all t ∈ [0, T], which is very intriguing but interesting to prove, and the fact that φ satisfies the heat equation. Putting all the above into (20) we have
Hence we have proved Theorem 2.1 on the evolution of the first eigenvalue.
2
Before we prove Theorem 2.2 we make some comments about sign preservation on S and about the condition S ij − βSg ij ≥ 0. To show that nonnegativity of S is preserved along the flow, we use the evolution equation for S(t) which is written as follows dS dt ≥ ∆S + 2 n S 2 since |S ij | 2 ≥ 1 n S 2 by the Cauchy-Schwarz inequality. Comparing S with the solution of the corresponding ODE dz(t) dt = 2 n z 2 (t), z(0) = z 0 = S min (0) by using the maximum principle argument at any time t ∈ [0, T], we obtain
Clearly, S min (0) > 0 implies that S min (t) → ∞ in finite time T ≤ n/2S min (0) < ∞. This also implies that R min (t) → ∞ as t → T and thus g(t) becomes singular in finite time T sing ≤ T < ∞. By this we can prove the following proposition using Hamilton's maximum principle, see [15, Theorem 9 .1] and [9, Theorem 4.6] for tensors. (1) . If
Proposition 4.2. Let g(t) be a smooth one-parameter family of Riemannian metrics satisfying
for some β ∈ (0, 1 n ] and all t ∈ [0, T].
Proof of Theorem 2.2. By setting S ij −βS g g ij ≥ 0, β ∈ (0, 1 n ], along the flow we have the following monotonicity formula from Theorem 2.
From the definition of Λ(t) we have that
and Λ(t) > 0. Suppose further that S ≥ S min for all t; we know that
Then using (24) and (25) in (23) we obtain
and
This concludes the proof of Theorem 2.2.
2
Proof of Corollary 2.3. At any time t ∈ [0, T], we write
for some constant C 0 and C = C(g(0), t, n) depending on the geometry of the flow. The desired result follows at once.
2 Remark 4.3. If S is nonnegative then we are saying that the scalar curvature of the manifold is bounded below by a positive function. Precisely, R g ≥ α|∇φ| 2 . Find more relevant results for this case in [19] .
Proof of Theorem 2.4. Note that both Λ 1 (t) and z(t) are functions of time only. Denoting Z(0) = S min (0) = z 0 , we can evaluate
. Therefore integrating both sides of (27) from t 1 to t 2 yields log
for any time t 1 < t 2 sufficiently close to t 2 . By this we have
Thus Λ 1 (t) ⋅ (z −1 0 − 2 n t) βn is nondecreasing along the extended Ricci flow. This completes the proof of Theorem 2.4.
Theorem 2.4 has been proved for the eigenvalue of the p-Laplacian by the author in [1; 2] . As the last item in this section, we prove Proposition 2.5 by applying the Reilly formula for the Witten-Laplacian on a closed manifold:
Proof of Proposition 2.5. By the Reilly formula extension (30) we have
since ∆ φ f = ∆f − ∇φ∇f . We easily get the following inequality for s > 0
By the Cauchy-Schwarz inequality we have
Recall that ∆ φ f = −Λf which implies
Combining (33) and (34) we obtain
Putting (35) into (31) yields
because α∇φ ⊗ ∇φ(∇f∇f) ≥ 0 and |∇φ| 2 is uniformly bounded for all t ∈ [0, T]. We now use the following observation |∇ 2 φ| ≥ 1 √n |∆φ| = 1 √n |φ t | since φ solves the heat equation and the condition S ij − βSg ≥ 0 to obtain
and then
Taking the limit on both sides of the last inequality gives the result at once since lim t→T S min (t) = ∞ and min |φ t | is finite.
5 Monotonicity under normalised flow
In this section we consider the volume preserving version of the extended Ricci flow. Let (M, g(t), N, φ(t), dμ) be as described before. The normalised extended Ricci flow is (g(t), φ(t)), t ∈ [0, T], T ≤ ∞ satisfying
on a closed Riemannian manifold M, where r = (Vol dμ (M)) −1 (∫ M Sdμ) is the average of S. Note that (1) is a special case of (36) for r ≡ 0. We only need to use the following evolution formulas instead of Lemma 4.1.
Eigenvalues and extended Ricci solitons
Generally speaking, a soliton is a self-similar solution to an evolution equation which evolves along the symmetry group of the flow. In the case of the extended Ricci flow, the symmetries are scalings and diffeomorphisms. Soliton solutions are very crucial for the study of the behaviour of solutions near singularities of geometric flows where singularity models are more obvious.
Gradient solitons. For gradient solitons we modify the flow by a one-parameter group of diffeomorphisms ψ t and define a time-dependent vector field X t from it. 
any pair {g(t), φ(t)}, t ∈ [0, T) with this property is called an extended Ricci soliton.
This simply means that on an extended Ricci soliton all the Riemannian manifolds (M n , g) are isometric up to a scale factor that is allowed to vary with time. Therefore, the extended Ricci soliton equation is equivalent to
for any σ(t) = − 1 2 b (t), where X is a vector field on M and L X g 0 is the Lie derivative of the evolving metric g(t). If the vector field X is the gradient of a function, say f , then the solution is called a gradient soliton and (46) becomes a coupled elliptic system
where σ is the homotheity constant. The cases b (t) < 0, b (t) = 0 or b (t) > 0 correspond to shrinking, steady or expanding gradient solitons; see [9] for a detailed discussion of gradient Ricci solitons. 
where Hess f is the Hessian of the potential function f . The soliton is said to be shrinking, steady or expanding if σ > 0, σ = 0 or σ < 0, respectively.
We say that the extended Ricci soliton is trivial if f is a constant function, in which case φ must be harmonic. Then (48) reduces to S = σg and ∆φ = 0, which is a generalisation of Einstein manifolds. By Müller [25] there exists a constant C such that S + |∇f| 2 − 2σf = C.
On the other hand, taking the trace of the first equation in (48) we have
Combining (49) and (50) where λ 1 is the first non-zero eigenvalue of the Laplacian.
Each soliton can be written in a canonical form by choosing b(t) in (45) to be b(t) = 1 + 2σt. We also have that a diffeomorphism ψ : (M, ψ * g, dμ) → (M, g, dμ) is an isometry, which implies that (M, ψ * g, dμ) and (M, g, dμ) have the same spectrum with eigenfunctions {f j } and {ψ * f j }, j = 1, 2, . . . , respectively. Now if (M, g(t), φ(t), dμ) is an extended Ricci soliton on (M, g(0), φ(0), dμ), then the spectrum spc(g(t)) at time t is proportional to the initial spectrum spc(g(0)), that is, spc(g(t)) = 1 1 + 2σt spc(g(0)).
We then have dΛ(t) dt = − 2σ (1 + 2σt) 2 (59)
as the change rate of the spectrum of (M, g(t), dμ). If we combine (59) and (5) of Theorem 2.1 with the condition S ij − βSg ≥ 0, β ∈ (0, 1 n ], we get the following:
Since we have S ≥ −nσ in the expanding case, we obtain − 2σ (1 + 2σt) 2 ≥ −2βnσΛ(t).
This yields the following lower bound for the first eigenvalue:
on the expanding soliton. This proves the following proposition: Proposition 6.8. Let (M, g(t), φ(t), dμ), t ∈ [0, T], T < ∞ be a gradient expanding soliton. Let Λ(t) be the first nonzero eigenvalue of ∆ φ with f being the associated normalised eigenfunction. Then
